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EXCLUDED HOMEOMORPHISM TYPES FOR DUAL 
COMPLEXES OF SURFACES 

DUSTIN CARTWRIGHT 


Abstract. We study an obstruction to prescribing the dual complex of 
a strict semistable degeneration of an algebraic surface. In particular, we 
show that if A is a complex homeomorphic to a 2-dimensional manifold 
with negative Euler characteristic, then A is not the dual complex of any 
semistable degeneration. In fact, our theorem is somewhat more general 
and applies to some complexes homotopy equivalent to such a manifold. 
Our obstruction is provided by the theory of tropical complexes. 


The dual complex of a semistable degeneration is a combinatorial en¬ 
coding of the combinatorics of the components of the special fiber. In re¬ 
cent years, it has been studied because of connections to tropical geome¬ 
try |HK12| . non-Archimedean analytic geometry |Ber99| . and birational ge¬ 
ometry |dFKX12l IBF14] . In this paper, we study obstructions to realizing 
arbitrary complexes as dual complexes of degenerations of surfaces. 

We let R be any rank 1 valuation ring with algebraically closed residue 
field and we will consider a degeneration over i? to be a flat, proper scheme X 
over Specii which is strictly semistable in the sense of |GRW14l Sec. 3]. 
Specifically, we require that X is covered by open sets which admit etale 
morphisms over R to SpecR[3:o, • • • ,Xn]/{xo ■ ■ ■ Xm — tt) for some m < n 
and some tt in the maximal ideal of R. The dual complex of X is a A- 
complex with one vertex for each irreducible component of the special hber 
and higher-dimensional simplices for each connected component where irre¬ 
ducible components intersect. 

Since semistability implies that the special hber is normal crossing, the 
dimension of the dual complex is at most the relative dimension of the fam¬ 
ily X. In dimension 1, any graph is the dual complex of some degeneration 
of curves |Bakn8[ Cor. B.3]. However, in this paper, we show that the anal¬ 
ogous statement is not true in dimension 2. 

Theorem 1 . There is no strict semistable degeneration over a rank 1 val¬ 
uation ring R, whose general fiber is a smooth, geometrically irreducible 
surface and such that the dual complex of the special fiber is homeomorphic 
to a topological surface S with x(E) < 0. 

We conjecture that Theorem[T]can be strengthened to replace “homeomor¬ 
phic” with “homotopy equivalent.” In fact, we can prove a strengthening 
in this direction which applies to A-complexes formed from a manifold with 
negative Euler characteristic by attaching additional simplices in a controlled 
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way. First, what we call “fins” are allowed so long as they don’t change the 
homotopy type and where the gluing is along a subset that’s not too com¬ 
plicated. Second, arbitrary complexes may be attached to the manifold, so 
long as the gluing is along a hnite set. These complexes are collectively the 
“ornaments” in the following definition. 

Definition 2. We say that a 2-dimensional A-complex A is a manifold 
with fins and ornaments if there exists a subcomplex S, the manifold, sub¬ 
complexes Fi,..., Fn, the fins, and a subcomplex O, the ornaments, such 
that: 

(1) We have a decomposition A = S U Ti U ... U U O. 

(2) S is homeomorphic to a connected 2-dimensional topological mani¬ 
fold. 

(3) For any i, Fi is contractible and T* n S is a path. 

(4) For any i > j, Fjfl Fi is a subset of the endpoints of the path Fj n S. 

(5) The intersection O n (S U Fi U • • • F„) is a finite set of points. 

If the manifold S has negative Euler characteristic, we call A a hyperbolic 
manifold with fins and ornaments and if the subcomplex O is empty, then 
we call A a manifold with fins. 

Theorem 3. If A is a hyperbolic manifold with fins and ornaments, then 
there is no degeneration with dual complex A. 

The obstruction to having the dual complex of a degeneration be a hyper¬ 
bolic manifold with fins and ornaments is in lifting the dual complex to a 
tropical complex. A tropical complex is a A-complex, together with the inter¬ 
section numbers of the 1-dimensional strata inside the 2-dimensional strata, 
which are called the structure constants of the tropical complex |Carl3] . 

Theorem 4. If A is a hyperbolic manifold with fins and ornaments, then 
there is no 2-dimensional tropical complex with A as its underlying topolog¬ 
ical space. 

Note that when we construct the tropical complex from a degeneration, we 
do not incorporate valuations from the defining equations, in contrast with 
both the suggestion from the introduction of [Carl3j and the construction 
in [GRW141 Ex. 3.10], where edges of the dual complex have lengths coming 
from the value group of R. We believe that for many applications, such 
metric information will be essential, but in this paper, we intentionally ignore 
it for the purpose of being able to use the results from [Carl5] . where the 
edges implicitly all have length 1. Philosophically, we think of our approach 
as taking a deformation in the category of “metric tropical complexes” from 
the complex which encodes the valuations to a tropical complex with all 
edges of length 1, where we can apply Theorem 01 

There are two characteristics of the special fiber of a degeneration which 
are incorporated into the axioms of a tropical complex. The first is that the 
special fiber is principal which gives a relationship among the intersection 
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numbers with a fixed curve. The second is that Hodge index theorem, which 
restricts the possible intersection matrices of a fixed surface in the special 
fiber. 

Both axioms of a tropical complex are necessary in the proof of the ob¬ 
struction. Without the condition coming from the Hodge index theorem, 
the object would only be a weak tropical complex, and any A-complex lifts 
to a weak tropical complex. For example, if A is homeomorphic to a topo¬ 
logical manifold, then choosing all structure constants equal to 1 gives a 
weak tropical complex, but this will not be a tropical complex if x(A) < 0, 
as explained in Example [6j 

On the other hand, Kollar has shown that any finite ra-dimensional sim- 
plicial complex is realizable as the dual complex of a simple normal crossing 
divisor |Koll4[ Thm. 1], but such a divisor would not give a tropical complex 
because the divisor is not necessarily principal. However, when connected, 
such a divisor can be realized as the exceptional locus of the resolution of a 
normal, isolated singularity [KoH4[ Thm. 2]. Thus, we see Theorem [3] as an 
example of how the global geometry of a smooth algebraic variety is more 
restricted than the local geometry of a singularity, in line with |KK14| . 

We also note that unlike the cases in Theorem [U topological surfaces 
with non-negative Euler characteristic are all possible as homeomorphism 
types of degenerations. In particular, the 2-sphere, the real projective plane, 
the torus, and the Klein bottle appear as degenerations of K3 surfaces, En¬ 
riques surfaces. Abelian surfaces, and bielliptic surfaces respectively. In 
fact, a partial converse is possible in that the dual complexes of such degen¬ 
erations have been classified by results of Kulikov, Persson, Pinkham, and 
Morrison |Ku]771 [P^fTTl IFP^ [MH78T] . Note that topological surfaces of 
non-negative Euler characteristic all arose from degenerations of varieties 
of Kodaira dimension 0. However, these classification results would already 
suffice to prove Theorem [T] if we assumed that the general fiber had Kodaira 
dimension 0. 

1. Tropical complexes and tropical surfaces 

We begin by recalling the definition of tropical complexes, as introduced 
in [Carl3j and their properties, as studied in [Carl5j . Unlike those papers, 
we additionally assume that the underlying A-complex is regular, meaning 
that the faces of any fixed simplex are distinct. All of our combinatorial 
results also hold without a regularity assumption, but the dual complex 
of a strictly semistable degeneration always is always regular, so that case 
is sufficient for our applications. In addition, we will only work with 2- 
dimensional tropical complexes, which we will call tropical surfaces. We will 
refer to the simplices of dimensions 0, 1, and 2 in a 2-dimensional A-complex 
as its vertices, edges, and facets, respectively. 

Definition 5. A weak tropical surface is a finite, connected, regular A- 
complex whose cells have dimension at most 2, together with integers a(v, e) 
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for every endpoint v of an edge e, such that for each edge e, we have an 
equality: 


( 1 ) 


a(v, e) + a{w, e) = deg(e), 


where v and w are the endpoints of e and deg(e) is the number of 2 - 
dimensional facets containing e. 

At a vertex u of a weak tropical surface A, the local intersection matrix 
My is a symmetric matrix whose rows and columns are indexed by edges 
containing v and such that the entry corresponding to edges e and e' is: 


( 2 ) = 


{ 7 ^{facets containing both e and e'} if e 7 ^ e' 
—a{w, e) if e = e', 


where w is the endpoint of e other than v. A tropical surface is a weak 
tropical surface A such that for every vertex u of A, My has exactly one 
positive eigenvalue. 


Example 6. Let A be a triangulated manifold, meaning a regular A-complex 
which is homeomorphic to a 2 -dimensional, connected topological manifold. 
Then, every edge e is contained in two facets, so a symmetric choice for 
the structure constants satisfying the constraint © on e is to set a{v, e) = 
Oi{w, e) = 1 for both endpoints v and w. This gives us a weak tropical 
surface. 

At any vertex v, the link is a cycle and so, for example, if this cycle has 
length 5, the local intersection matrix is: 


My 


/-I 1 0 0 1 \ 

1-11 0 0 
0 1-11 0 

0 0 1-11 

\ 1 0 0 1 - 1 / 


An m X m matrix of this form always has a positive eigenvalue of 1 for the 
eigenvector (1,..., 1)^. However, if m > 6 , then there exist at least two 
other positive eigenvalues. Therefore, A is a tropical complex if and only if 
each vertex is contained in at most 6 edges. A simple counting argument 
shows that if each vertex is contained in at most 6 edges, then the Euler 
characteristic is non-negative. Thus, we’ve verified the special case of 

Theorem [4] that there is no tropical surface with all structure constants equal 
to 1 for which the underlying topological space is a hyperbolic manifold. 


In this paper, the main purpose of the structure constants a{v, e) is to 
define a sheaf of linear functions on a weak tropical surface A. These linear 
functions are the tropical analogue of non-vanishing regular functions in 
algebraic geometry. 

Definition 7 (Const. 4.2 and Def. 4.3 in |Carl3| ). Let A be a weak tropical 
surface and e an edge of A. We define Ag to be the simplicial complex 
consisting of e with a 2-dimensional simplex attached for each facet of A 
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containing e. Then, there exists a natural map TTg: A^e ^ which is an 
open inclusion on N°, which we define to be the union of interior of e and 
of the interiors of the facets of Nf,. 

We also define a map (/)e: W ^ where d is the number of facets 

of A containing e and the quotient is by the line in generated by the 
vector (1,... , 1, —a{v, e), —a{w, e)). The map cpe sends each vertex of 
to the image e* of the iih. basis vector of with v and w going to e^+i 

and 6^+2 respectively. We then extend 0e linearly to all of Ng. The vectors 
ei,..., erf_i _2 generate a lattice inside and we say that a function 

£. iinggp slopes if .^(e*) — £(ej) is an integer for any two 

vectors e* and ej. 

Finally, we say that a continuous function eft on an open subset C/ C A is 
linear if the following two conditions hold. First, if we identify the interior of 
any facet / meeting U with a unimodular simplex in then cj) is an affine 
linear function with integral slopes on the interior of /. Second, on any edge 
e meeting U, 0 |[/nA° = ^ ° (pe for some linear function £: M with 

integral slopes. We write A for the sheaf of linear functions on A. 

Note that the image of the map <pe in Definition [7] lies in the affine linear 
space consisting of the linear combinations ^ CjCj such that ci + • • • + Cd +2 = 
1, which is a proper subset of because of relation ([T]) in the definition 

of a weak tropical surface. Roughly speaking, the quotient in Definition [7] 
means that linearity on a weak tropical surface imposes one condition beyond 
linearity on each facet of A. More precisely, we have the following: 

Lemma 8 . Let e be an edge of a tropical surface A and let N° he the union 
of the interiors of e and of the facets containing e, as in Definition 0 Iffi 
is a linear function on N°, and is constant on all but one of these facets, 
then (j) is constant. 

Proof. If 4>e is as in Definition [71 then cj) factors as for some affine linear 
function i. We also let d and e be as in Definition [71 and we can assume 
that the facets containing e are numbered so that (p is constant on all but 
the first one. Then, we have the linear relation 

ei = -62 -erf + a{v, e)erf+i + a{w, e)erf+ 2 , 

where the sum of the coefficients is 1 by the relation ([T]), and so (.{e 2 ) = 
... = ^(erf+ 2 ) implies that ^(ei) = £{e 2 ) = ■■■ = (.{ed+ 2 )- Therefore, £ is 
constant on (/>e(A^g), which is what we wanted to show. □ 

Example 9. As in Example (H suppose we have a triangulated manifold 
with a{v,e) = 1 for all endpoints v of all edges e. Then, in Definition [71 the 
interior of e and of the two facets containing e is identified with the interior 
of a unit square in with the square triangulated along a diagonal. Linear 
functions on this neighborhood of e are equivalent to affine linear functions 
on the square. Thus, in this case. Lemma El amounts to the observation that 
affine linear functions on are determined by their restriction to on any 
open set. 
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Any constant function on a weak tropical surface is linear, so the sheaf 
of locally constant M-values functions is a subsheaf of A. If we denote the 
quotient sheaf ^/M by V, then we have a long exact sequence in sheaf 
cohomology [Carl5t Sec. 3]: 

(3) 0 ^ H°(A,A) H°(A,V) ff^(A,R) ^ 

One of the main results from |Carl5| is the following: 

Theorem 10 (Thm. 4.7 in |Carl5| i. If A is a tropical surface which is locally 
connected through codimension 1, the R-span of the image of the morphism 
H^{A,'D) —>■ 77^(A, M) has codimension at most 1 in H^{A,R). 

In Theorem 1101 locally connected through codimension 1 means that the link 
of each vertex is connected. 

If linear functions on weak tropical surfaces are taken to be analogous 
to non-vanishing regular functions, then the analogues of rational functions 
on an algebraic variety come from relaxing the linearity condition in codi¬ 
mension 1. More precisely, suppose that di,... ,dm are closed line segments, 
each in one facet of a weak tropical surface A, such that di D dj is finite for 
distinct i and j. Then we say a function (p on an open subset U C A is a 
piecewise linear function whose divisor is supported in di U • • • U if 0 is 
continuous and p is linear on [/\ (di U • • • U dm)- Although we will not need 
it in this paper, we can justify our terminology with: 

Proposition 11 (Prop. 4.5 in |Carl3] l. Let di,... ,dm be line segments in 
a weak tropical surface A as above. If U is an open set meeting all of the 
di, then there exists a homomorphism from the group of piecewise linear 
functions (p whose divisor is supported on di U ■■■ U dm under addition to 
formal sums of the di, known as the divisor of p. The maximal open subset 
of U on which such a function p is linear is the complement of those di with 
non-zero coefficient in the divisor of p. 

Finally, we have an analogue of the maximum modulus principle from 
comolex analvsis. The result in [Car m also applies to piecewise linear 
functions whose divisor has non-negative coefficients, but we’ll only need it 
for linear functions, i.e. when the divisor is trivial. 

Proposition 12 (Prop. 2.11 in [Carl5] l. Let A be a tropical surface which 
is connected through codimension 1. If p is a linear function on a connected 
open set U which achieves its maximum on U, then p is constant. 

2. Degenerations 

In this section, we construct weak tropical surfaces from strictly semistable 
degenerations. The case of regular semistable degenerations over discrete val¬ 
uation rings was treated in [Carl3[ Sec. 2], but here we want to work over 
possibly non-discrete valuation rings. The data of a weak tropical surface 
only depends on the special fiber as a simple normal crossing scheme over 
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the residue field, and not on the valuation ring, so we can use the same 
construction as [Carl3| Sec. 2], which we now recall. 

We let be a strictly semistable degeneration over R and, as stated in 
the introduction, the dual complex A has one fc-dimensional simplex for 
each stratum of dimension 2 — fc in the special fiber of X. Thus, if e is 
an edge with endpoints v and w, then we let Ce and Cw denote the curve 
and surface corresponding to e and w respectively. We set a(v,e) = —C^, 
where denotes the self-intersection number of Ce in C^. Even for regular 
strictly semistable degenerations over discrete valuation rings, this data may 
only give a weak tropical surface without an additional technical condition 
of robustness in dimension 2 |Carl3l Prop. 2.7]. Over non-discrete valuation 
rings, we also get weak tropical surfaces 

Proposition 13. The special fiber of any degeneration X yields a weak 
tropical surface A such that the local intersection matrix has at most 
one positive eigenvalue for each vertex v of A. 

Proof. For A to be a weak tropical surface, we need to check that for any 
edge e with endpoints v and w, we have the equality m- 

(4) a{v,e) + a{w,e) = deg e. 

Let Ce be the curve corresponding to e in the special fiber of X, and by our 
semistability condition, on a Zariski open neighborhood meeting Ce, there is 
an etale map to Speci7[x, y, z]/{xy — vr) for some element tt in the maximal 
ideal of R. Then, the principal Cartier divisor defined by vr can be written, 
at least in a formal open neighborhood of Ce, as the union of Cartier divisors, 
each of which is supported on an irreducible component of the special fiber 
of X. For example, in the above chart, the functions x and y pull back to 
give defining equations for each of the components containing Ce. 

Thus, using linearity of the intersection product |Gub03l Prop. 5.9(b)], 
we can split up the intersection of the principal divisor dehned by vr with 
the curve Ce into terms coming from the components of the special fiber 
of X. For components of the special fiber which don’t contain Ce, if we 
pull back to Ce we get a Cartier divisor equal to the points of intersection, 
with multiplicities equal to 1. Thus, the degree of the intersection of such 
a Cartier divisor with Ce is equal to the number of points of intersection 
by the projection formula |Cubn3[ Prop. 5.9(c)]. The total degree for all 
components which don’t contain Ce gives dege, which is the right-hand side 
of (|3j). 

Now consider the two components Cy and Cyy containing Ce. If we pull 
back the Cartier divisor supported on Cy to Cyy then we get the divisor Ce 
on Cyy. The self-intersection of Ce is —a{v, e) by the dehnition of the struc¬ 
ture constants. Thus, using the projection formula again, the components 
containing Ce contribute a cycle of degree equal to —a{v, e) — a{w, e), so the 
desired equality ([4]) follows because vr obviously defines a principal divisor. 
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Finally, we claim that the local intersection matrix records the in¬ 
tersection theory on the surface of the special fiber corresponding to v, re¬ 
stricted to curves of the special fiber. For the diagonal entries of the local 
intersection matrix m, this follows immediately from our definition of the 
structure constants. The off-diagonal entries of the local intersection ma¬ 
trix count facets containing two edges e and e', which are in bijection with 
the number of reduced points in the intersection of corresponding curves Ce 
and Ce', and thus equal to the intersection number Ce ■ Ce'- Therefore, by 
the Hodge index theorem, the local intersection matrix My can have at most 
one positive eigenvalue. □ 

One approach to obtaining a tropical surface instead of a weak tropical sur¬ 
face is Proposition 2.10 in [Carl3] . which shows that for degenerations with 
projective components, robustness can be obtained by appropriate blow-ups. 
Rather than adapting this proposition to the case of non-discrete valuations, 
while also keeping track of the effect on the underlying topological space, it 
is more convenient to perform the modification combinatorially: 

Lemma 14. Let A be a weak tropical surface and suppose that for each 
vertex v of A, the local intersection matrix My has at most one positive 
eigenvalue. Then, there exists a tropical surface A' such that the underlying 
topological space of A' is formed by attaching a finite number of 2-simplices 
to edges of A. 

Proof. We suppose that n is a vertex of A such that My has no positive 
eigenvalues, i.e. it is negative semidefinite. Let e be an edge containing v 
and let w be the other endpoint of e. We attach an additional 2-simplex 
onto e and label the new vertex u', with the new edges e'y and e’y,. We use 
v', w' and e' to denote the representatives of v, w, and e in the new weak 
tropical surface Ah We assign the coefficients on A' to be the same as on A, 
except that: 



a{v', e') = a{v, e) -|- 1 

a{u',e'yy) = 1 

a{u', e'y) = —1 


Then we claim the local intersection matrices My/ and My/ each have exactly 
one positive eigenvalue and that the number of positive eigenvalues of My,/ 
is the same as that of My,. Once we show the claim, then we can repeat the 
above construction at each vertex v whose local intersection matrix My is 
negative semidefinite to get the desired tropical surface. 

The first part of the claim is that the local intersection matrices 



VO 


a{w, e) 

1 


o\ 


1 


V 


My' = 


0 1 
1 -2 


and My' 
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have exactly one positive eigenvalue each, where * indicates the parts of M^i 
that coincide with My. For M„/, there is exactly one positive eigenvalue 
because it has determinant —1. For Myi, we use the change of coordinates: 


NMy,N^ = 


* • • • —a{w, e) — 1 0 

VO ••• 0 V 


0\ /l 

where N = 


0 

VO 


0 0 \ 

1 -1 
0 ij 


to get a block diagonal matrix whose upper left block is My minus a negative 
semidefinite diagonal matrix, and is thus negative semidefinite. Moreover, 
the lower right block of NMy/N'^ is a single positive entry, so NMy/N'^ has 
exactly one positive eigenvalue, as in the first part of the claim. 

For the second part of our claim, we want to show that 


/* • • • * 0 \ 


* • • • —a(u, e) — 1 1 

VO ••• 1 -V 


has the same number of positive eigenvalues as M^,, where * denotes parts 
of the matrix which coincide with My,. We again use a change of coordiates 
to a block diagonal matrix: 


/* ■ ■ ■ * 0 \ 


/I 


PMy,>P'^ 


* ••• —a{y,e) 

\0 • • • 0 



where P 


0 

VO 


0 o\ 

1 1 

0 V 


The upper left block of PMy,iP"^ agrees with My, and the lower right block 
adds a single negative eigenvalue. Thus, My,/ has the same number of posi¬ 
tive eigenvalues as M^, which completes the proof of the claim. □ 


3. Proof of the main theorems 

The crux of Theorem [4] and thus of Theorem [3] is the following lemma: 

Lemma 15. Let A be a tropieal surface whose underlying A-complex is a 
manifold with fins and is connected through codimension 1. If s is a facet 
eontained in the manifold subeomplex of A, and Ug denotes the interior of s, 
then the restriction map 

is injective. 

Proof. Note that the isomorphism H^{Us,P) = holds because affine lin¬ 
ear functions on Ug are equivalent to affine linear functions with integral 
slopes on a unimodular simplex in by definition. Thus, A restricted to 
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Us is isomorphic to the locally constant sheaf with values in M x Z^, and the 
quotient sheaf P = ^/M is isomorphic to Z^. 

Now, we let S and Fi, ... ,Fn denote the manifold and fins of the simplicial 
complex, as in Definition [2j We suppose u a global section of V such that 
the restriction of u to Ug is trivial, and we want to show that to is trivial. 
We start with V = Ug and then we’ll expand the open set V until it is all 
of A. At each step, V will either be disjoint from each fin Fi or contain Fi, 
except possibly the endpoints of Fj n S. In particular, the boundary of V 
will be contained in S. 

First suppose that there exists an edge e in the boundary of V such that 
e is not contained in any of the fins. Let / denote the 2-simplex bordering e 
whose interior is in V and let f' denote the 2-simplex on the other side of e. 
Then, Definition [7] identifies the union of the interiors of /, f', and e with an 
open subset of M^, and the sections of A are exactly affine linear functions 
with integral slope on this set. As above, A and F are therefore locally 
constant sheaves with values in M x Z^ and Z^ respectively. Thus, we can 
expand V to include the interiors of e and f, where cu is also zero. 

Second, we assume that every edge in the boundary of V is contained in 
some SnFj. Let i be the maximal index such that Fi intersects the boundary 
of V. Then, the entire path S n Fj must be in the boundary of V or else 
there would be a fin Fj with j < i intersecting Fi not at its endpoint, which 
would contradict Definition [2l In particular, cj must vanish along S n Fj. 

Let Ai be the sheaf of piecewise linear functions on A whose divisors are 
supported on S n Fj. If we let Vi denote the quotient sheaf ^j/M, then we 
can give a global section Wj of Fj defined piecewise such that Wj vanishes 
on A \ Fj and it agrees with a; on Fj \ S. This defines a valid section of Fj 
because, as we noted, oj vanishes along S n Fj, and Wj is clearly a section 
of F away from S n Fj, on which we only require continuity. Consider the 
long exact sequence of cohomology associated to the quotient Fj, analogous 
to (I3|): 


0 ^ iL°(A,M) ^ F°(A, A) ^ F°(A,Fj) ^ 

Since uji is only non-trivial on Fj, which is contractible, the image of Wj in 
F^(A,M) is trivial, so Wj lifts to an element of F[^{A, Ai), which we also 
denote by Wj and we choose the representative such that Wj is zero on S. 

If coi is non-constant, then it must have a maximum value strictly greater 
than zero or minimum value strictly less than zero. Then, it would have its 
maximum or minimum, respectively, on Fj \ S. We apply Proposition 1121 to 
the linear function Wj|i?.\s or to its negative to show that caj|_Fi\s must be 
constant, and so Wj is zero everywhere. Thus, oj is identically zero on Fi, 
and so we can expand V to include Fj \ S. 

We’ve now shown that for each edge e of S D Fj, the section u! is zero on 
all but one simplex containing e, namely the simplex in S on the other side 
from V. As in Definition [Tj we let N° denote the union interior of e with 
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the interiors of the facets containing e. Since N° is simply connected, we 
can lift oj\n° to a linear function (p on N°. Then, by LemmaEl p is constant 
on N^, and so u vanishes on N°. Therefore, we can further expand V to 
also include the interiors of all 2-simphces meeting Fi and the path S n Tj. 

At the end, we will have that u is zero on an open set V which contains 
the interior of every 2-simplex in A and since affine linear functions are 
continuous by definition, this means that uj is zero, which finishes the proof 
of the lemma. □ 

We use Lemma [15] to prove the following strengthening of Theorem jH 

Theorem 16. If A is a hyperbolic manifold with fins and ornaments, then 
there is no weak tropical surface, with A as its underlying topological space, 
and such that for every vertex v of A, My has at most one positive eigen¬ 
value. 

Proof. Suppose that A is a weak tropical surface whose underlying A-complex 
is as in the theorem statement. We can assume that when decomposing A 
as in Definition |2l the subcomplex of ornaments O is maximal, so that if we 
let A' denote the subcomplex consisting of just the manifold and fins, then 
A' is locally connected through codimension 1. Then, taking the restriction 
of the structure constants from A, we get that A' has the structure of a 
weak tropical surface, because the local structure around each edge of A' 
is unchanged. Moreover, at each vertex v of A', the local intersection ma¬ 
trix My is a block of the block diagonal matrix My for A. Therefore, M' 
also has at most one positive eigenvalue. 

Next, we apply Lemma [T4| to transform A' into a tropical surface A" 
by gluing simplices onto edges of A'. Whenever we glue a simplex onto an 
edge e which is contained in one of the fins Fi C A', we can include that 
simplex in the fin, which remains contractible and its intersection with the 
manifold S is unchanged. If we glue a simplex onto an edge e contained in 
the manifold S, then the simplex forms a new fin T„_|_i, numbered after all 
the other fins. Since n S is a single edge, the intersection of Fn+i with 
any other fin will be a subset of the endpoints of this edge. Thus, A" is still 
a hyperbolic manifold with fins. 

Finally, suppose that the manifold T, C A" is not orientable. Then S has 
a 2-to-l orientable cover, corresponding to an index 2 subgroup of its funda¬ 
mental group [Hat02[ Prop. 3.25]. Since S C A" is a homotopy equivalence, 
the oriented cover extends to a cover of A", which we call A". Each fin Fi 
of A" is attached along a path of S, and so the preimage of Fi in A" is two 
disjoint fins, which we number F 2 i-i and F 2 i to get a manifold with fins. 
Moreover, the Euler characteristic is multiplicative when taking covers, so 
x{A") is again negative. Therefore, we can replace A" with A" and so from 
now on we assume that the manifold S C A" is orientable. 

By the classification of compact topological surfaces [GX13[ Thm. 6.3], the 
Euler characteristic of a compact oriented surface is even, and so x{A") < 






12 


DUSTIN CARTWRIGHT 


—2. Therefore, diniK M) = 2 — ^ 4. By Theorem fTOl the M- 

span of the image of H^{A",1)) has codimension at most 1 in H^{A”,'K), so 
the rank of , V) as an Abelian group is at least dim (A", M) — 1 > 3. 

On the other hand, by Lemma fTHl H^{A'',1)) is a subgroup of 1?, and so 
a free Abelian group of rank at most 2. Therefore, we have a contradiction, 
so the weak tropical surface A cannot exist. □ 

Proof of Theorem 0. Suppose X is a strict semistable degeneration whose 
dual complex A is a hyperbolic manifold with fins and ornaments. Then, by 
Proposition [131 ^ has the structure of a weak tropical complex such that the 
matrix My has at most one positive eigenvalue for every vertex v. However, 
by Theorem 1161 such a weak tropical complex cannot exist, so we conclude 
that X cannot exist. □ 
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